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Abstract. We characterise higher order Riesz transforms on the 
Heisenberg group and also show that they satisiy dimension-free 
bounds under some assumptions on the muhiphers. Using transfer- 
ence theorems, we deduce boundedness theorems for Riesz trans- 
forms on the reduced Heisenberg group and hence also for the 
Riesz transforms associated to multiple Hermite and Laguerre ex- 
pansions. 



The aim of this paper is twofold: to prove dimension free estimates 
for Riesz transforms associated to reduced Heisenberg groups W^^d 
to study Riesz transforms of higher order on Heisenberg groups H" 
which are in a sense canonical. Dimension free estimates for Riesz 
transforms on have been studied in the literature by Coulhon et 
al. [3] but the proof given there, which depends very much on the 
dilation structure of H", does not work for the reduced Heisenberg 
group. However, we can view the Riesz transforms on the Heisenberg 
group (reduced Heisenberg group) as an operator valued multiplier for 
the Fourier transform (resp. Fourier series). Hence using a transference 
theorem we can deduce results for the reduced Heisenberg group from 
those for H". Let us set up the notation before stating our results. 

Let H" = C" X M denote the (2n-|-l)-dimensional Heisenberg group 
with the group operation {z, t){w, s) = {z + w,t + s + ^Im{z.w)). Its 
Lie algebra f)„ is generated by the {2n + 1) left invariant vector fields 
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(j = 1,2, ■■■«). The operator £ = -EJ=i(-^| + ^/) is called the 
sublaplacian on H^. Written explicitly 

r = —A \z\ I- TV 

where is the ordinary Laplacian on C" and 

.r d d \ 

N =} Xi- yi— . 

We can also write £ as 

1 " 

^ = -2Y.^Z,Z, + Z,Z.j) 
i=i 

where Zj = (Xj—iYj) and Zj = (Xj + iYj) for j = 1, 2, ■ ■ ■ n. We define 
the Riesz transforms Rj = ZjC~^^'^ and Rj = ZjC~^^'^,j = 1,2, ■■ ■ ,n 
associated with £. 

These operators are known to be singular integral operators on 
and hence bounded on Lp(H["), 1 < p < 00, and of weak type (1, 1). 
Moreover, in [3] it is proved that the bounds do not depend on the 
dimension of H". In this work we consider the same operators acting 
on the reduced Heisenberg group H["g^ = W^/T where T = {{0,2nk) : 
G Z} is a central subgroup. Thus functions on H^/F are 27r periodic 
in the central variable. For the Riesz transforms acting on L^(H["/F) 
we prove the following theorem. 

Theorem 1.1. For each 1 < p < 00, there exists a constant Cp inde- 
pendent of the dimension n, such that for all f G L^lH"" /T), 

1/2 

j:\R,f\'+j:\R,f(^^ 



p 

As we mentioned earlier, we deduce this theorem from the result of 
[3] on the Heisenberg group. The appropriate transference theorem is 
stated in Section 2. 

We now turn our attention to higher order Riesz transforms on the 
Heisenberg group. Observe that the Riesz transforms defined as {Xj — 
iYj)C-^/^, {Xj + iYj)C-^/'^ are muhipliers for the group Fourier trans- 
form. The corresponding multipliers are given by Aj{X)H(\)~^^'^ and 
A*{X)H{X)~^/'^ respectively where for j = l,2,...,n and A G M, y4j(A) 
and A*{X) are the creation and annihilation operators: 
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and 

H{X) = -A + X'\x\' = IY1 {M^)A-{X) + A*{X)MX)) 

is the Hermite operator. We would like to consider higher order Riesz 
transforms on H" as Fourier multipliers corresponding to higher order 
analogues of Aj{X)H{X)-'^/^ and A*{X)H{X)-'^/^. In analogy with the 
case of standard Laplacian on the above operators can be considered 
as analogues of Riesz transform for the Hermite expansions. Moreover, 
as shown in [2BJ they turn out to be pseudodifferential operators of 
order zero and hence bounded on L^(M'^), 1 < p < oo. 

Higher order Riesz transforms associated to the Hermite operator 
have also been studied in the literature by defining them as opera- 
tors of the form A(A)"if(A)-5l°l and A*(A)°if(A)-5l°l where a is a 
multiindex and A{X) = {Aj{X)), A*{X) = {A*{X)) are vectors, see [lO] 
and [15j . Here we consider the operators Gx{P)H{X)~~ as the nat- 
ural candidates for the higher order Riesz transforms, where P is a 
bigraded solid harmonic on and Gx{P) is the operator associated 
to P by the Weyl correspondence. (For the definition of Gx{P) as well 
as the Weyl transform W\{P) we refer to Section 3; more details can be 
found |28j.) This class of operators include the preceding ones, because 
P{z) = z°' and Q{z) = z"' are bigraded solid harmonics of bidegrees 
(|a|,0) and (0, \a\), and by a theorem of Geller [8], GxiP) = A(A)" 
and GxiQ) = A*(A)°. 

Theorem 1.2. For every bigraded solid harmonic P of total degree m 
the operator Gx{P)H{X)~^ is bounded on L^(]R"), 1 < p < oo and is 
of weak type (1,1). 

This theorem can be deduced, in principle, from the known results 
on higher order Riesz transforms. However, we prefer to give a painless 
proof which is based on Mauceri's transference theorem [16] for Weyl 
multipliers. In view of this transference, we only need to show that 
Gx{P)H{X)~~ is an multiplier for the Weyl transform Wx- The 
operator Tp defined on L^(C") by 

WxiTpf) = Wx{f)Gx{P)H{X)-'^ 

turns out to be a twisted convolution operator with a singular kernel. 
Thanks to the Hecke-Bochner type formula for the Weyl transform, 
due to Geller [8], the kernel can be estimated easily. By appealing to 
the theory of oscillatory singular integrals developed by Ricci and Stein 
[20] and Chanillo and Christ [1] we can prove 
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Theorem 1.3. For any bigraded solid harmonic P of total degree m 
the operator Tp defined above is bounded on L^^C^), 1 < p < oo and is 
of weak type (1,1). 

We now consider the Riesz transforms G\{P)H{X)^^ as muhiph- 
ers for the (group) Fourier transform on the Heisenberg group H" and 
explain why they are natural. Recall that a Fourier multiplier for the 
Heisenberg group is a family of bounded linear operators M(A) on 
Li^iW^) and the multiplier transformation Tm is defined by T^xiTuf) = 
f{X)M{X) where /(A) = TT\{f) is the group Fourier transform on the 
Heisenberg group. Such operators are precisely those which are given 
by convolution with certain kernels on H" and hence commute with 
translations. The unitary group U{n) acts on H" by automorphisms 
which leads to an action on L^(EI"). Let "Hp^q stand for the space of bi- 
graded solid harmonics of bidegree {p, q), which supports an irreducible 
unitary representation R{a) of U (n). In what follows we let Pfc(A) stand 
for the orthogonal projection of L^(R'^) onto the k—th eigenspace of 
H{X). We also denote by p{a)f the action of a G U{n) on functions 
defined on H", i.e. p{a)f{z,t) = f{(7~^z,t) and by 6r,r > the non- 
isotropic dilation 6rf{z,t) = f{rz,r'^t). 

Theorem 1.4. Let T be a translation invariant operator taking L'^{IT^) 
into L'^{IT^, T-ip^q) and let M(A) be the corresponding Fourier multiplier. 
Assume that (i)R{a)T f{z,t) = p{a)Tp{a*)f{z,t) for every a G U{n) 
(a) T6rf{z,t) = 6rTf{z,t) for every r > and (Hi) M(A)Pfc(A) = 
{{2k + n)\X\)-2iP+i)S{\) for some (unbounded) operator S {X) . Then for 
any linear functional /3 ofHp^g the operator f3{T)f = P{Tf) is a linear 
combination of the Riesz transforms with multipliers Gx{P)H{X)~^ 
as P runs through an orthonormal basis ofHp^g. 

The above theorem is the analogue of a result of Stein for higher 
order Riesz transforms on M", see page 79 in \21\ . For variations on 
the same theme we refer to the recent works [12] and |13] of Kobayashi 
and Nilsson. The operators on L^(]HI"') with multipliers G\{P)H[X)~^ 
turn out to be singular integral operators. Hence we get 

Theorem 1.5. Let T satisfy the assumptions of the previous theorem 
and let P be a linear functional on Hp^q. Then (3{T) is bounded on 
L^(EI"'), 1 < p < oo and is of weak type (1,1)- 

Given P G "Hp^q let Rp stand for the (higher order) Riesz transform 
with multiplier Gx{P)H{X) 2~. The boundedness of these higher or- 
der Riesz transforms on L^(]HI") is well known, see e.g. the works of 
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FoUand [6], Lohoue and Varopoulos [14] and Ter Elst et al. [5]. How- 
ever, dimension-free estimates are not known and we conjecture that 
such estimates are true. Here we prove such estimates under some as- 
sumptions on P. Indeed, we let Po{z) = z^Zk'',j ^ k and denote by 
0(Po) the orbit of Pq under the action of U{n). We then have 

Theorem 1.6. For every P G 0{Pq) the Riesz transform Rp satisfies 
the estimate \\Rpf\\p < Cp||/||p on Lp{M"-),1 < p < oo where Cp is 
independent of the dimension n and P G 0{Pq). 

We actually show that for any solid harmonic P and a G U{n) 
the operators Rp and Rp(a)p have the same norm on Lp(EI"). The 
theorem is then proved by showing that Rp^ satisfies dimension-free 
bounds on L^{IP). We prove this using known estimates for first order 
Riesz transforms and a dimension-free estimate for a particular singular 
integral operator on the Heisenberg group, see Section 3. 

A slight strengthening of the above theorem is possible. ( We are 
thankful to the referee for pointing this out.) Given a solid harmonic P 
on we can also consider it as a solid harmonic on for any m > n 
which depends only on the first n variables. Hence we can define Riesz 
transforms Rp acting on L^{IT^). As U{n) can be considered as a 
subgroup of U{m) in the obvious way, the operator norm of Rp on 
L^(EI'") is the same as that of i?p^ which is independent of m. Thus 
i?p : L^(EI™') — )• L^(E[™) satisfies estimates which are independent of 
m > n > 2 and P G 0{Po). 

By considering functions on C" which are homogeneous we show 
that the Riesz transforms and are related to Riesz transforms 
for multiple Laguerre expansions studied by Nowak and Stempak jl7j . 
We prove that the boundedness of these Laguerre- Riesz transforms are 
equivalent to certain weighted norm inequalities for and T^-. on 
LP(C"). 

2. Riesz transforms on the reduced Heisenberg group 

In this section we prove Theorem 1.1. As we mentioned earlier 
this will be done by using a transference theorem which we now de- 
scribe. Let the special Hermite operators Lx be defined by the equation 
C{e'^^f{z)) = e'^^Lxf{z). Then it is known that 

Lx = -A + X^\z\^ + iXN 

where A is the Laplacian on and 
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We can also write Lx as 

= E {z,i\)Z,i\) + Z,(A)Z,(A)) 

where Zj{e'^'f{z)) = e'^'Zj{X)f{z) and Zj{e'^'f{z)) = e'^'Zj{X)f{z). 
In view of this the Riesz transforms on the Heisenberg group can be 
written as 

1 /"°° 

R.f{z,t) = —J e-'''Rj{X)f\z)dX 

where Rj{X) = Zj{X)L^ . We have a similar expression for Rj. 

Therefore, we can view the Riesz transforms as operator valued 
multipliers for the (Euclidean) Fourier transform on M. Indeed, if we 
let X = LP{C'') then U'{W') can be identified with Lp(M,X) and 
Rj are multiplier transforms corresponding to the (operator valued) 
multipliers Rj{X). Using the same notation for Riesz transforms on 
EI"/r they are given by 



^ oo 



, , ^ - ^'(^) 

Ztt 

k= 



Thus the Riesz transforms for El^/r are multipliers for the Fourier 
series acting on U'{S^,X). In order to treat the vector of the Riesz 
transforms we set 

^/ = (-Rl/; -R2/, Rnf, Rlf, -R2/, Rnf) 

and introduce the Banach space Y = Lp{€^) x Lp(C") x Lp(C") (2n 

times) equipped with the norm 



2n 

i=i 



Then the result of [3| can be written as 

LP(M,y) < C'||/||lp(r,x) 

where C is independent of the dimension. We are interested in showing 
that a similar estimate holds when Lp(M, X) and L^(M, Y) are replaced 
by L^{S^, X) and Lp{S^, Y) respectively. All we need in order to prove 
this is the following transference result. 

Denote by {Lp(R, X), Lp(R,Y)) the set of all Fourier muhipliers 
taking Lp(R,X) into Lp(R,Y). Let T e {Lp(R, X), Lp(R,Y)) and let 
m be the corresponding multiplier so that 



1 



00 



Tf{t) = — I e''''m{X)f{X)dX. 
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We can define a periodised operator T by 

oo 

ZTT ^ — ^ 

fc=— oo 

for every / G 

Theorem 2.1. Suppose 1 < p < oo and T e {Lp{R, X), Lp{R,Y)) 
where X and Y are Banach spaces. Let m be the multiplier corre- 
sponding to T and assume that m is continuous at every point of 
Z, the set of all integers. Then the periodised operator T belongs to 
{LP{S\X),LP{S\Y)) and satisfies \\f\\ < \\T\\. 

Wfien X = Y = C tliis tfieorem is due to de Leeuw and a proof 
can be found in Stein- Weiss |23] . see Theorem 3.8, Chapter VII. The 
proof given there can be easily modified to yield the above version of 
transference. We leave the details to the interested reader. Once we 
have the above theorem it is clear that Theorem 1.1 follows from the 
corresponding result for Riesz transforms on proved in [3] . We can 
also treat higher order Riesz transforms: for every P G Tip.q let us 
define 

oo 

Rpf{z,t) = - e-'''Tpf{z) 

k=—oo 

where Tp is as in Theorem 1.3. Then 

Theorem 2.2. The operators Rp defined above are all bounded on 
LP{W/T) forl<p<oo. 

The first order Riesz transforms satisfy dimension-free bounds and 
we expect the same for higher order Riesz transforms. This is an inter- 
esting open problem even in the case of H". Our partial result, Theorem 
1.6, naturally has an analogue for H"/r. 

3. Higher order Riesz transforms on the Heisenberg group 

In this section we prove Theorems 1.4, 1.5 and 1.6 stated in the 
introduction. The statement and the proof of Theorem 1.4 are both 
inspired by the corresponding result of Stein for the Euclidean case 
stated in [21] (see Chapter III, Section 4.8, page 79). For the proof we 
need some facts about Weyl transform Wx and Weyl correspondence 
G\. We closely follow the notations from the monograph [28] to which 
we refer for any unexplained terminology. For each non-zero real A the 
Weyl transform Wx{f) of a function on C" is defined as the operator 

Wx{f)= [ fiz)nx{z,0)dz 
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where tta is the Schrodinger representation of H" with parameter A. 
The Weyl correspondence is then defined hj Gx{f) = Wx{J^x{f)) where 
J^xif) is the symplectic Fourier transform of /. As in the introduction 
we denote by Tip^g the space of bi-graded spherical harmonics of bi- 
degree {p, q). 

We now recall the Hecke-Bochner formula for the Weyl transform 
proved by Geller [8]. We remark that the notation we use here is 
different from that of Geller as we follow |28] . When / is radial and P 
is a bigraded solid harmonic of bidegree {p, q) we have (for A > 0) 

k=p 

where Pk{^) are the projections associated to the Hermite operator 
H{X) and 

In the above formula 



are the Laguerre functions of type {n + p + q — 1). We refer to 
(Theorem 2.6.2) and [8] (Theorem 4.2) for more details. 

We now begin with a proof of Theorem 1.4. Since T is a transla- 
tion invariant operator taking L^(EI") into L^(EI", l-Lp^q) it is a convolu- 
tion operator with a distributional kernel k{z,t) taking values in 'Hp^q'- 
Tf{z, t) = f * k{z, t). Let {Yj : j = 1, 2, d{p, q)} be an orthonormal 
basis of 'Hp,q consisting of spherical harmonics so that 

d{p,q) 

k{z,t)= J2kj{z,t)Yj 
i=i 

where kj{z, t) are scalar valued distributions on H". Then, we can write 

d{p,q) d{p,q) 

Tfiz,t) = J2 Tjfiz,t)Y, = Y,f*k,iz,t)Y,. 
3=1 i=i 
The hypothesis (i), namely p{a)T p{a^^) f = R{a)Tf translates into 
R{a)Tf{z,t)=Tp{a-')f{a-'z,t) 

d{p,q) 

= J2TjP{cr-')f{a-'z,t)Y,. 
i=i 
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Let (aij(cr)) stand for the matrix corresponding to -R(o") in the basis 
{Yj : j — 1, 2, .., d{p, q)}. Then we have 

d{p,q) 

which gives after a simple calculation the relation 

d{p,q) 

f *Y1 ^) = / * P{(^~^)ki{z, t). 

3=1 

This shows that 

R{a)k{z,t) = p{a'^)k{z,t) = k{az,t), a G U{n). 

From this relation we observe that for any unit vector w G C", 
as an element of Hp^q is invariant under all a G U{n) which fix w. 
Therefore, there is a scalar valued function c{w,t) such that k{w,t) — 
c{w,t)Yw where Yy, is the zonal harmonic with pole at w. 

For any two unit vectors z and w we can always find a G U{n) 
such that az — w. Hence R{a)k{z,t) = k{az,t) = k{w,t) leads to the 
equation 

c{w,t)Y^ = R{a)k{z,t) = c{z,t)R{a)Y^. 

Evaluating both sides at w and noting that R{a)Yz{w) = Yz{z) = 
Yw{w) wc see that c{z,t) is a constant as long as \z\ = 1 and hence 
k{z,t) = c{t)Y, for all z G S^''-\ Now the hypothesis = T6r 
translates into the homogeneity k{rz,rH) — r~'^'^~'^k{z,t). Therefore, 
for any 2; G 

k{z,t) = \z\-'-'k (^^±-\ = \z\-^--\ ( J-] Y. 



Let Pj stand for the solid harmonic satisfying Pj{z) — \z\P~^'^Yj (^-^^ 
Expanding k{z, t) in terms of Ij and noting that (F^ , Yj)-^^^^ — |f|) = 
\z\-P-<iPj{z) we get 

k,{z,t) = \z\-'-^-^-\ (^-^^ P,{z) = gAz,t)Pj{z). 

Note that gj{z,t) is a radial function satisfying the homogeneity con- 
dition Srgj = r"^"^P~''~^5(j. 

Let /3 be any linear functional on Hp^q. Then we have 

d{p,q) d{p,q) 
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The operator Tj is a Fourier multiplier operator with multiplier Mj (A) ~ 
Wx{kj) which can be calculated using Hecke-Bochner formula. As 
k^(z) = g^{z)Pj{z) it follows that for A > 

(oo 
k=p 



dA/ A\ ^{'^ p+l)T{n) f _)^, . n+p+q-l/ \7 



where 



T(k + q + n) Jc^+p+q ^ 

As g^{rz) = r-'^"-P-'i gY\z) we have R^^\g^''^) = r-P-'iR^{g^) and 
hence R^{g^) = Rl{g])\-''-P+'^^'\ 

Therefore, we have shown that the multiplier Mj(A) is of the form 

M,(A) = G,{P,) (f;c,_,P,(A) ) A-(^+^)/^. 

Finally, the hypothesis on Mj(A)Pfc(A) shows that c^-p = {2k+n)-^+'i^/^ 
for all A; > p. It can be checked that G\{Pj)Pk{\) = for k < p and 
consequently Mj{\) = Gx{Pj)H{\)-^P+'^^/^, which proves Theorem 1.4. 

We now turn our attention to proofs of Theorems 1.5 and 1.6. Recall 
that for P e Hp^q we have defined Rp as the (higher order) Riesz 
transform with multipher Gx{P)H{\)~^ . As defined earlier 0(Po) 
stands for the orbit of Pq under the action of U{n). In other words, 
0{Pq) is the set of all p{cr)Po as a ranges over U{n). 

Proposition 3.1. In order to prove dimension-free estimate for Rp, P e 
0{Pq) it is enough to consider Po{z) — z^zl- (Here we assume n>2). 

Proof. To prove the proposition we make use of the operators 
p((t) introduced earher. For / e LPiW), ||p(c)/||p = ||/||p and hence 
we need to show that 

\p{a){Rpp{<7*)f){z,t)\Mzdt <Cp [ \f{z,t)\Pdzdt. 

From the theorem of Stone- von Neumann we know that for every a e 
Uin) 

'Kx{a.z,t) ^ iJ,x{a)*'Kx{z,t)iJ,x{a) 

where pxic) a-re certain unitary operators on L^(R"). In view of this a 
simple calculation shows that 

nx(p(a)f) ^ MfiX)^* 
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and hence 

where we have made use of the fact that p\{cf) commutes with H{X). 
But 

pxicj)GxiP)lix{cyy = Gx{p{a)P) 
and the proposition is proved by choosing a such that p{a)P{z) = z'jzl 
which is possible for any P G 0{Po). □ 

The proof of the above proposition actually shows that if Rp is 
bounded on Lp(EI") then so is R(p(^a)p). As i? is a unitary representation 
of U (n) on 'Hp,q, any P G 'Hp,q is a finite linear combination of elements 
from the orbit of Po{z). This proves Theorem 1.5. 

We continue with our proof of Theorem 1.6. As j ^ k are arbitrary, 
we can very well assume that Po{z) = z^z^. The operator Gx{P) asso- 
ciated to it by the Weyl correspondence is explicitly known and given 
by A2{XyAi{X)*P, see Geller [5] or Thus it is enough to consider 
the Riesz transform with this multiplier. Without loss of generality we 
can assume that q > p. Since A2{X)Ai{X)* commutes with H{X) (as 
can be easily checked by testing against the Hermite functions the 
multiplier can be written as 

A2{xyA,{xypH{x)-'^ = A2{xy~''H{x)~'^A2{XYAi{xypH{x)-p. 

Furthermore, using the commutativity again, we have 

A2iXYA,iXrHiX)-P = iA2iX)A,iXrH{Xr'r 

which can be put in the form 

{H{X)-'/^A2iX)A,{XyH{X)-'/^Y . 

It is now clear that the operator with multiplier y42(A)^y4i(A)*^i7(A)~^ 
satisfies a dimension-free estimate since the first order Riesz trans- 
forms with multipliers H{X)~^/'^A2{X) and Ai(A)*if(A)~^/^ satisfy such 
estimates. Here we have made use of the fact that the multiplier 
H(X)^^^'^A2{X) corresponds to the adjoint of the Riesz transform whose 
multiplier is A2{X)*H{X)~^^'^. Therefore, Theorem 1.6 will be proved 
once we have 

Theorem 3.2. For any integer m > 1 the Riesz transform with mul- 
tiplier A2{X)"^H(X)~™'^'^ satisfies dimension-free estimates. 

Proof. Writing 

m—l 

A2{XrH{X)-'^'^ = Yl H{Xy'^A2{X)H{X)-^'+^'^'^ 

j=0 
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we only need to treat multipliers of the form 

for j > 1 which we do using an induction argument. Recalling that 

n 

and the commutation relation 

Aj{X)Aj{Xy - A*{X)Aj{X) = -AXI 

we can show that 

H{X)Aj{X) = Aj{X)H{X)+4XAj{X). 

In view of this 
reduces to 

H{XY^'^y^A2iX)H{Xy^^-^^/^+AH{XY^-^^/^A2iX)H{X)-^^-^^^^XH{X)-\ 

If we can show that the operator with multiplier Aif(A)~^ satisfies 
dimension-free estimates then we can use an induction on j to complete 
the proof of the above theorem. Thus the proof is completed by proving 
the following result. □ 

Theorem 3.3. The multiplier XH{X)~^ defines a singular integral op- 
erator on H" which satisfies dimension-free bounds on all U' spaces, 
1 < p < oo. 

Proof. The boundedness of this operator is well known, see Fol- 
land [6j and Stein |22j . Indeed, the above multiplier corresponds 
to TC~^ where T = ^ and is given by convolution with the kernel 

K{z,t) = Tipo{z,t) where 

M^,t)=Cn{\z\^ + ty/' 

is the fundamental solution for the sublaplacian found by FoUand [6]. 
Here the constant c„ is given by 

c-^ = n{n + 2) I (1 + ^2 + |2|4)-("+4)/2|^|2^^^^^ 

It is clear that K{z^ t) is an odd kernel which is homogeneous of degree 
(— 2n— 2) and hence defines a bounded operator on Lp(E["), 1 <p < oo. 
The norm of this operator can be estimated using a result of Christ 
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[2] as presented in Strichartz |25] (Lemma 3.1). This shows that the 
norm on is bounded by 



I \K{z,l)\dz 



where Cp depends only on p. Thus we are left with proving the inequal- 
ity 



ncn I {l + \z\Y^'^'^ dz < C 



for some constant C independent of n. This follows from the next 
lemma. □ 

Lemma 3.4. There is a constant C independent of n such that 

< C 





\z\ 










(n + 2)/j^„(l + t2 + 


\z\ 


4^-(n+4)/2 


\z\ 


\'^dzdt 



for all values on n. 

Proof. Integrating in polar coordinates, the above ratio reduces 

to 

J-(l+^4)-n/2-1^2n-l^^ 



2(n + 2) + t2 + ^4)-(n+4)/2^2„+l^^^i- 

By a simple change of variables the integral on the numerator can be 
seen to be the beta integral 

1 r (1 + _r(i)r(n/2) 



4io 4r(n/2 + l) 

Similarly, the integral in the denominator becomes the product 



As before. 



Jo * ' 2r(3/2) 



and 

\ ^4^-(n+4)/2^(2n+l)^^ _ r(3/2)r((n + l)/2) 

^ ^"^^ ^ 4r((n + 4)/2) • 

Thus the ratio of the two integrals is given by 

r(n/2) 8r(n/2 + 2) 



4r(n/2 + l)r(l/2)r((n + l)/2)' 
Simplifying this we see that the ratio in the lemma is given by 

-1/2 r(n/2) 



r((n + l)/2) 
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which is clearly a bounded function of n. □ 

4. Riesz transforms for Hermite and Laguerre expansions 

In this section we consider Riesz transforms associated to Hermite 
and Laguerre expansions. First we can deduce Theorem 1.3 from the 
corresponding result for the reduced Heisenberg group. We fix A = 1 
and simply write W and G instead of Wi and Gi. Consider the Weyl 
multiplier Tp defined by 

W{Tpf) = W{f)G{P)H-'^P+^^/^ 

where P G 'Hp^q- The Weyl multipliers can be considered as higher 
order Riesz transforms for the special Hermite operator. Recall that 
the special Hermite operator L is defined by C{e^^f{z)) = e'^^Lf[z). 
The spectral decomposition of this operator is given by 

oo 

L/ = (27r)-"^/x^r^ 

fc=0 

where (f^~^(z) are Laguerre functions of type {n — 1) and x stands for 
the twisted convolution: 

f^g{z)= [ fiz-w)giw)e'^'^^'-^Uw. 

When P{z) = zj (resp. Zj) it follows from the work of Geller that 
G{P) = ZjiX) (resp. G[P) = Z^(l)) and hence T,^. = Zj{l)L~^/^ and 
= Zj(l))L~^/'^ are the Riesz transforms for the special Hermite 
expansions. More generally if P{z) = J2\a\=p \i3\=q^oi,f3Z°'z'^ then G{P) 
is obtained by replacing zj and zj by Zj{l) and Zj{l) respectively. 
Though the following result can be deduced from results on the reduced 
Heisenberg group by considering functions of the form e**/(2) we can 
give a simple direct proof based on the Hecke-Bochner formula for the 
Weyl transform. 

Theorem 4.1. For every P e g the Riesz transforms Tp are bounded 
on LP(C"), 1 < p < oo and are also weak type (1, 1). The first order 
Riesz transforms satisfy dimension-free bounds. 

Proof. The proof is very similar to the one given in |2G for the 
cases P{z) = zj and P{z) = zj. Hence we will only give a sketch of the 
proof. The Hecke-Bochner formula for the special Hermite projections 
(see Geller [8] and [28]) it follows that 

G{P)P, = c^ip,q)WiP^t;^'^-') 
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(see 2.6.22 in [28]) and hence 

where m = p + q and is the kernel defined by 

oo 



.z) 

k=0 



On the other hand using the relations 

W{Z^f) = W{f)A^, W{Z,f) = W{f)A; 

we can obtain 

W{L-'^/'^P{Z, Z)f) = W{f)G{P)H-'^/'^ 

so that a comparison with the above formula shows that 

L~"^/'PiZ,Z)fiz) = fx{PK^){z). 

The kernel Km can be expressed in terms of the heat kernel for L on 
Qn+p+g g^j^^ hence estimated. It turns out that L~™'^'^P(Z, Z) is an 
oscillatory singular integral operator. Hence by the results of Ricci- 
Stein pO| and Chanillo- Christ [Ij it is bounded on L^(C") for 1 < 
p < oo and of weak type (1,1). By considering the adjoint we get the 
desired result. □ 

We now deduce some results for Riesz transforms associated to 
multiple Laguerre expansions. In terms of special Hermite functions 
the spectral decomposition of L takes the form 

a, (3 

When / is a polyradial function, i.e., f{crz) = f{z) for all diagonal 
matrices a in U{n), the special Hermite expansion of / reduces to a 
multiple Laguerre expansion. More generally, when / is a polyradial 
function the special Hermite expansion of g{z) = z"^f{z) where m G 
takes the form 

Indeed, we have the formula (see Theorem 1.3.5 in [26]) 

/ 1 \ 1/2 

$„,.+^(.) = (2vr)-«/2 [j^^J 2-l™l/^(-.)l™l.-nC(^^) 
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and hence in the expansion only the term {g, ^a,a+m) survives. Note 
that 



g{z)^a,a+m{w)dw $ 



{a-\-m). z Y^c" J j=i 

We now define multiple Laguerre functions of type m by 

where r = {j-j),rj > 0. Here ip^-{r-j) stands for with \zj\ = rj. 

These functions form an orthonormal basis for L^(R" , (i/^m) where 

n 

The multiple Laguerre expansion of type m of a function / e L^(]R" , dum) 
is related to the special Hermite expansion of g{z) — z'^f{r),rj — \zj\. 
Indeed, 

a a 

Consider the Riesz transform T^. — Zj{l)L~^/'^ apphed to the function 
g. Since 

^,■(l)$a,/J = ^(2a,•)V2$,_e,,;3 

it follows that 

a 

which can be expressed in terms of / as 

a 

Thus we have ( with r-j = \zj\) 
where 

R^,mf{r) = r,Y.{2a,f/\2\a\+n)-'l\f,^^)^Te:{r) 
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are the Riesz transforms associated to Laguerre expansions of type m. 
These transforms have been studied by Nowak and Stempak |17] and 
1. From the above relation we obtain 



Theorem 4.2. The Laguerre Riesz transforms Rj^m ore bounded on 
L^(M" , dfirn) if o-nd only T^^ satisfy the weighted norm inequality 



n „ n 

\T,,g{z)\^X[\z,r^^^-^^dz<C / \g{z)YX[ 

i=l 3=1 



z.\^ji.'^-p)dz 



for all functions g which are m— homogeneous, i.e. g{z) = z^f{z) 
where f is polyradial. 

When m = we do have the boundedness of T^j on Lp(C"), 1 < p < 
oo and hence the Riesz transforms Rj^ are all bounded on Lp(R" , dfim)- 
However, for general m we can use the result of |17j which says that 
Rj^m are bounded on L^(R" , dfim) to obtain the following result. 

Corollary 4.3. For any m G N" we have the weighted norm inequality 
/ \T,^g{z)\PY[\zjr^^^-P^dz <C \g{z)\PY[\z,r^^^-fUz 

for all m— homogeneous g G Lp(C"), 1 < p < oo. 

Since the Riesz transforms T^j are (oscillatory) singular integral 
operators it is natural to expect that they will satisfy weighted norm 
inequalities provided the weight is coming from Ap class. In the above 
inequality the weight function w{z) = nj=i kiT^^^"^^ belongs to Ap 
only if 2(1 — ) < p < 2(1 + ^). Thus for functions with certain ho- 
mogeneity we can expect weighted norm inequalities under weaker as- 
sumptions. It would be interesting to characterise all weight functions 
for which the Riesz transforms Tp satisfy weighted norm inequalities. 
We plan to return to this problem in the future. 

Interchanging the roles of T^- and Rj,m and using Theorem 4.1 we 
can obtain the following 

Corollary 4.4. For any m G N" we have the weighted norm inequality 

» n „ n 

/ \Rj.mf{r)\'Y\\rjr^'-'^df,^<Cp i/(r)rr[|r,r^^"-'^rf/^m 

for all f G LP(M"), 1 < p < oo where Cp is independent of n and m. 

It would be interesting to see if such dimension-free, type-free es- 
timates are true for general multiple Laguerre expansions of type m 



18 



P. K. SANJAY AND S. THANGAVELU 



studied by [17j where m/s are not necessarily integers. Riesz trans- 
forms for multiple Laguerre expansions of a different kind have been 
studied by Gutierrez et al. in [9]. When m^'s are half integers they 
have shown that the Riesz transforms satisfy dimension-free bounds. 
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